ON THE SHAFAREVICH CONJECTURE FOR SURFACES OF 
GENERAL TYPE OVER FUNCTION FIELDS 



EGOR BEDULEV AND ECKART VIEHWEG 



Let B he a. projective algebraic curve over an algebraically closed field k of 
characteristic zero, and let 5 C 5 be a finite set of points. Shafarevich's con- 
jecture for families of curves, proved by Parshin and Arakelov (see 0), states 
that 

(I) There are only finitely many isomorphism classes of smooth non- 
isotrivial families of curves over B — S. 

(II) If 2g — 2 + < 0, then there are no such families. 

Similar questions can be asked for smooth families of higher dimensional mani- 
folds. (II) was recently verified for families of minimal surfaces of general type and 



for canonically polarized manifolds, by Kovacs |]TOl, ITll, IT^l) Migliorini |jT3[ and 
Zhang [0]. As a byproduct we reprove their result, but the reader familiar with 
their articles will recognize strong similarities between their and our approach. 

Unfortunately our method does not work for families whose relative dualizing 
sheaf is big and numerically effective on the smooth fibers. In this case, for non- 
isotrivial families over or over an elliptic curve, Kovacs (Thesis, Utah, 1995, 
see [^) showed the existence of at least one degenerate fibre. 

In the higher dimensional case (I) might be too much to hope for. For fixed 
B and S there exist non-trivial deformations of families of abelian varieties over 
B — S (see 0). So (I) splits up in two questions: boundedness and rigidity. 

To be more precise, let us fix some polynomial h G Q[t] with /i(Z) C Z. If 
deg(/i) = 2, we define Mh to be the moduli scheme of minimal surfaces S of 
general type with /i(/i) = x{^s)y allowing singularities, the moduli scheme of 
canonically polarized normal surfaces with at most rational double points and 
with Hilbert polynomial h (see [0, for example) 



If deg{h) > 2, we denote by the moduli scheme of canonically polarized 
manifolds, with Hilbert polynomial h. In both cases (I) should be replaced by 
two sub-problems: 

(B) The non-trivial morphisms B — S ^ Mh, which are induced by 
smooth projective maps go : Yq ^ B — S , are parameterized by some 
scheme of finite type. 

(R) Under which additional conditions are the morphisms B — S—>- Mh 
in (B) rigid. 



This work has been partly supported by the DFG Forschergruppe "Arithmetik und 
Geometrie" . 
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The corresponding questions, for abelian varieties and their moduh scheme, 
were solved by Fahings 0. In this note we prove (B) for surfaces of general type, 
and for canonically polarized manifolds, in case S" = 0. The only obstruction to 
extend (B) to arbitrary families of canonically polarized manifolds, is the lack of 
a proof for the existence of relative minimal models for semi-stable families of 
such varieties over curves. We have nothing to contribute to problem (R). 

For smooth families g : Y ^ B of surfaces, i.e. for S" = 0, (B) has been proved 
by the first author. 

This note benefited from discussions between the first author and A. Parshin 
and between the second author and Qi Zhang. We thank both of them, and K. 
Oguiso for remarks and comments. 

1. Families of canonically polarized manifolds and of surfaces of 

general type 

Let B he a curve and Y a variety of dimension n + 1, both non-singular, 
projective and defined over an algebraically closed field k of characteristic zero. 
Let g : Y ^ B he a. flat morphism with connected fibers Y^ = g~^{h). Let S G B 
he a finite set of points and D = g~^{S). Frequently we will denote the divisors 

"^g^s s and J2ses 9~^(^) ^ 

We want to study both, families of surfaces of general type and of canonically 
polarized manifolds, and D will be supposed to be the set of bad fibers. To cover 
both cases we formulate the following assumption: 

Assumption 1.1. 

a) glr-D ■ Y — D — > B — S is smooth and ujy/b\y-d is relatively semi-ample, 
i.e. for some u ^ the natural map 

$^ : g*g^UJY/B ^ ^Y/B 

is surjective over Y — D. 

b) The fibers Yi, should be manifolds of general type and the //-canonical map 
should contract at most curves. Hence if 

iT,:Y - D G^{g,uj'^,s\B-s) 

is the morphism, induced by then tTj, should be birational and the max- 
imal fibre dimension of tt^ should be one, for some 3> 0, satisfying the 
condition a). 

Recall from |Q, § 2, or [1^, § 5, that for an invertible sheaf £ on a normal 
projective variety F the integer e(£) is defined to be the smallest positive integer 
e for which the multiplier sheaf up { — ^} is isomorphic to up-, for all divisors D 
of global sections of C For e{C) to exist, one has to require F to have at most 



rational singularities. Then, by 0, 2.3, or [|T6l, 5.11, 5.12 and 5.21, e{C) exists 
and in some cases there are explicit bounds: 

Lemma 1.2. Assume F is projective with at most rational singularities and let 
C he an ample invertible sheaf on F . 
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a) If F is non- singular and C very ample, then e{C) < Ci(£)'^™-^ + 1. 

b) In general, let C be very ample and assume that there exists a desingular- 
ization a : F' ^ F and an effective divisor E such that a* L ® Of'{—E) is 
very ample. Then e(£) < ci(£)'^'™^ + 1. 

c) // F has rational Gorenstein singularities and if Z = F x . . . x F and 
M = ®pr*C, then e{M) = e{C). 

Recall that g : Y ^ B is called isotrivial, if for some variety F, defined over k, 
there is a birational map Yx Bk{B) Fxkk{B). 

In [|l6l, 2.7 and 2.9, we defined a locally free sheaf ^ on i? to be numerically 
effective (or nef), if for all /i > and for a point p & B the sheaf 

s^{g)®OB{p) 

is ample. We will use: 
Proposition 1.3. 

a) If g : Y —>■ B is a projective morphism between non-singular varieties, then 
g^ujy/B iT'^ff for all u > 0. 

b) If g satisfies the assumptions made in |i.i| , a), if the general fibre of g is of 
general type and if g is non-isotrivial, then k{ujy/b) = n+1 and det(5f*a;yy^) 
is ample, provided g^ojyiB ^'^^ rj > \. 

a) is a special case of [Q, Theorem III, and b) can be found in [jl5|. Theorem 



II. In fact, there is the ampleness of det(5'*co'y^^) is shown for some r], but as in 
0, 3.1, or [|16| this implies that g^Uyj^ is ample for all r/ > 1. 

Theorem 1.4. Let g : Y ^ B be a non-isotrivial morphism, satisfying the as- 
sumptions made in \1 . 1\ . Let us fix some u > 1, such that |i. j| a) and b) hold true. 



We write 

• q = g{B) for the genus of B. 

• s = #5* for the number of degenerate fibers. 

• e(z/) = e{ujp) for some general fibre F of g. 

• r(z/) = rank(5(*u;^/g). 

Then one has: 

a) 2g - 2 + s > 

b) If g : Y —>■ B is semi-stable, then 

n ■ {2q - 2 + s) ■ u ■ e{v) ■ r{u) > deg^g^Uy/B)- 

c) In general 

{n ■ {2q - 2 + s) + s) ■ u ■ e{iy) ■ r(z/) > deg{g^ujY/B)- 

a) will follow from |1.3| and b). This part of theorem |1.4| is due to Kovacs 
p!T| , |p!2| and to Migliorini |T^. Qi Zhang |T^ gave an elegant proof in case B 



is an elliptic curve. His proof easily extends to i? = P^, as he and the second 
author found out discussing his result. In this note we take up their approach, 
together with positivity properties of direct image sheaves, as stated in 0. 
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Remark 1.5. The constants v and riv) are determined, using Matsusaka's big 
theorem, by the Hilbert polynomial of the fibers Y\j for 6 G B — S. For canonically 
polarized manifolds, e(z/) < ■ ci{ujfY + I5 &s we have seen in [L^, a). 

For surfaces of general type, the canonical model F of F has A — D — E 
singularities, and the number of (— 2)-curves on F is bounded by dim H^{F, Qp), a 
number which is constant in families. One can use|T]^, b) to bound e{u!p) = e{ujp). 



Such a bound exists for different reasons. By ||T6[, the moduli space of normal 
canonically polarized surfaces with at most rational double points and with given 
Hilbert polynomial is quasi-projective, in particular it has only finitely many 



irreducible components. Moreover, KoUar (see also |T^, 9.25) constructed a 
finite covering Z of the moduli scheme, together with a "universal family". By 
16| , 5.17, e{ujp) is bounded on each irreducible component of Z. Hence there 



exists some constant e depending on h with e(ct;^) < e, for all surfaces F with 
Hilbert polynomial h. 



2. Ampleness and vanishing theorems 

Let X be a projective manifold, U G X an open dense submanifold, and let C 
be an invertible sheaf on X. 

Definition 2.1. 

a) C is semi-ample with respect to U if for some rj > 

is surjective over U . 

b) £ is £-ample and big with respect to f/, if one can choose 77 in a) such that 
the morphism 

induced by is proper, birational and 

Max{dim$-^(f);f eV} <l. 

A slight modification of the argument used to prove 6.4 in [Q, yields a gener- 
alization of the Akizuki-Kodaira-Nakano vanishing theorem, similar to the one 
used in the proof of |TT|, 1.1 and |T^, 1.1. 

Proposition 2.2. Let C be i-ample and big with respect to U. Assume that for rj 
as in 1^. j| , b ), the image of V of $^ allows a projective flat morphism '-f : V ^ W 
to a non-singular affine variety W . 

Then there exists a blowing up r : X' ^ X with centers in A = X = U, such 
that A' = T~^{X — U) is a normal crossing divisor, and an effective divisor F' 
with < A' , such that for all numerically effective invertible sheaves M and 
for p + q < dimX - Max{0,£ - 1}, 

i7P(X',^]^,(log A') T*{C-' Af-') Ox'iT')) = 0. 
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Proof. If A = 0, this is [Q, 6.6. Hence we will assume that A 7^ 0, and fix some 
7] for which the assumption ^TT] b) on $^ hold true. Let r : X' ^ X be a blowing 
up, such that X' is non-singular. A' = r^^(A) a normal crossing divisor and such 
that, for C = T*C, the image of 

is an invertible sheaf, isomorphic to £ over U' = t~^{U). 

So lm{L'^) = C'^{-ri), for some divisor Fi, supported in A'. Let 

$' : X' ^ Z C P(iJ°(X',/:'''(-Fi))) 

be the induced morphism. ^'\u' is a proper morphism with image V. Let / be 
the ideal sheaf of Z — V and 

J = ^ * I / torsion- 

Blowing up again, we may assume that J = F2) for some divisor F2 with 
(r2)red = A^.^^. For all /i the sheaf £ ^'"^{—fi ■ Fi — F2) will be generated by 
global sections. For some /i ^ 0, the number /i ■ rj will not divide the multiplicity 
of any of the components of /i ■ Fi + F2. Allowing A' to have multiplicities, we 
thereby got to the following situation: 

Assumption 2.3. For some 77 and some normal crossing divisor A' with 

A'- ^ 

red ; 



V 

the sheaf C'^{—A') = C!^ ®Ox'{—A') is generated by global sections, the induced 
morphism $' : X' ^ Z is birational and the fiber-dimension of f/' = $ ~^{y) V 
is at most i. Moreover there exists a projective flat morphism 'j : V —>■ W to 
a non-singular affine variety W. Let A/"' be any numerically effective invertible 
sheaf on X' and choose [^] = F'. 

We will prove, by induction on dim X' — dim W, that the assumptions O imply 

(2.1) HP{x',n'^^,{logA')0C'-'0^^'-^®Ox'iT')) = o 

for p + g < dimX — Max{0, r — 1}. 

If dim X' = dim V > dim W we may replace rjhj ^-r] and A' by /i ■ A' for /i ^ 0. 
Thereby we are allowed to assume that (£' ® Af')^ ® Cx'(— A') is generated by 
global sections, and that for the zero divisor H of a general section of this sheaf 
U \^ ^ ly is again projective and flat. Moreover A' + if is a normal 
crossing divisor and T'\h = [^-^]- Therefore H, C'\h and A'\h satisfy again 
the assumptions p.3| . If dim V = dim W, we choose H = 0. In both cases, the 
morphism 

V - <I>'{H) — > W 

is affine and V — is an affine variety. (£' ® JV')^ has a section with zero 

divisor A' + H. By §, § 3, 

{C'®Af'r'(^Ox'{r') = {C'(^Af')-'®Ox'{\ ^'^^ 

I 7] J 
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has an integrable connection which satisfies the ii^i-degeneration. The assumption 
A^p^ = (A' — T] ■ [— ])red allows to apply [Q, 4.12, and to obtain 

H^ix', n%{\og A' + H') {c'0^^')-^ ® Oxir')) = o, 

for p + g < n — Max{0, ^— 1}. If dim = dim IV, we are done. Ifdimy>dimPF 
one uses the exact sequence 

^ fi^,(log A') ^ f^^,(log A' + H') fi^7'(log A'\h') 

to obtain |2]l| by induction. □ 



3. The proof of theorem 



We will assume that D is a normal crossing divisor. Enlarging S and D we 
may assume that 2g — 2 + s > 0, hence that u!b{S) is nef. If 2g — 2 + s = 0, 
then either B is elliptic and g smooth, or 5 = and S = {bi, 62}- In the second 
case, there exists a finite covering ^ P^, totally ramified in S, such that the 



puUback family has stable reduction. Altogether, part a) of |T]J follows from |L3 
and part b) of [l 



If the fibers of Y — D^B — S are canonically polarized manifolds, the next 
proposition follows from 0], 2.4. Since we will use it for families of minimal 
models of surfaces of general type, as well, we will recall the proof. 



Proposition 3.1. Under the assumptions made in let M he an invertible 
sheaf on B with deg Af < deg g^Uyj^- Then the sheaf 

is 1-ample and big with respect toY — D. 



Proof. By the assumptions a) and b) in |1.1| it is sufficient to show, that for some 
/i > 

is generated by global sections, or that 

S'^''>'^'\g,u'^,j,)®N-^ 
is ample. By definition of nef, this hold true, if the sheaf 

S'^(^)-(^)(^7,cu^/s)®det(^?,cu^/s)-i 

is nef. To this aim (see |]16|, 2.8) we can replace 5 by a covering, unramified in 
and Y by the pullback family. Thereby we may assume that 

Aei{g,uo^y,B) = A^"^ 

for an invertible sheaf A on B. For r = r{u) let 

f:X = YxB...XBY—^B 

be the r-fold fibre product, let a : X' ^ X be a desingularization, and 

f = foa:X'^B. 
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We write Ai = cr*[^^^-^pr*ujY/B)- The morphism / is Gorenstein and the general 
fibre is non-singular. Hence there are natural injective maps 

(3.1) = /* ®Li Pr:uJY/B — fiM'' 

(3.2) and f'^M"'^ O ux'/b — ^ f*^x/B = ®'9*^yib^ 
both isomorphisms on some open dense subset of B. ( p.l| ) induces 

^^(-) = det(^?,cu^/s) — . ®'g.uj^y/B — 

hence a section of Ai'^ ® f'*A~^^'^^ with zero-divisor T. Blowing up X', with 
centers in a finite number of fibers, we may assume that the image A^*^ J of 

is invertible. The ideal sheaf J is trivial in a neighborhood of the general fibre. 
By g^:UjY/B ^^^^ hence J^'^ <S) J is nef, as well. 
Let us write C = M"-^ O f'*A-K Then 

. r) = M^'-"^-"-'-''-^^ (g) ® Ox'i-iy ■ r) = ;v/iK^)-^-('--i)"'^' 

contains a nef subsheaf, isomorphic to C^^^^'^^—u • F) in a neighborhood of the 
general fibre. Moreover, by |1.3| , b), 

[§,1.7 implies that the sheaf flCi^uJx'/B{ — -^} is nef. By the definition of e(i/) 
and by [L.2| , c), the natural inclusion 

KC ® cox'/b{-^} — ^ flC ® cux'/B = KiM""-' ® o^x'/b) ® 

is an isomorphism on some open dense subset of B. Using ( p. 21 ) one obtains a nef 
subsheaf of 

(®"^,u;^/5) ® A-^ 
of full rank, hence the latter is nef, as well. Then 

S<''\®'-g,u;'^/^) ® A'^""^ = S^^''\®'g,uj'^,j,) ® det{g,uj'^,j,)-^ 

as well as its quotient S^^''^''^{g^iJY/B) ® ^^^{9*^y/b)^^ '-' 

Let us return to the proof of |1.4| b) and c). U g is semi-stable, i.e. if D is 
reduced, we choose 5 = 0, otherwise 6 = 1. Let us assume that |L4| b) or c) are 
wrong. Hence 

(3.3) in-{2q-2 + s)+S-s)-iy- e{v) ■ r(z/) < degig^cu^x/s) 
and |3]l| implies that for 

A = iUB{ST®OBi5- S) 
the sheaf UyJ^^''^^''^ ® j^-ve{vyr(v) ^ ^^^^^ £ ^ ^^^^ ^ g^A'^, is 1-ample and big 
with respect to F — Z^. Since we assumed i^b{S) to be nef, implies that: 
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Claim 3.2. There exists a blowing up r : X — > y with centers in D, such that 
A = T*D is a normal crossing divisor, and there exists an effective divisor F, 
supported in A, with 

HP{X, fi^(log A) ® T*Uy]^ ® g*{tOB{ST-'^ ®Ob{5- S)) ® OxiV)) = 

for p + q < dimX = n + 1 and for all m > 0. 

The morphism f = gor is smooth outside of A, and one has an exact sequence 
of locally free sheaves 

(3.4) ^ ruB{S) ^ n\{\og^) ^ ^ 0. 

Comparing the determinants one finds 

^X/B = det(l^x/B) = ^x(Arcd) ® f*iUBiSy^ = iUx/Bi\cd - A). 

Claim 3.3. 

Proof. If 5 = 1, this holds true with r*u;y^^^ replaced by the smaller sheaf cu^/^, 
since 

^x/B ® ^x% ® 9*Ob{S) = 0(A,ed). 
If S = 0, i.e. if g is semi-stable, then fiy/^ = ujy/b- By 0, 3.21, one has an 
inclusion r*ny (log D) ^x(}og A), hence t*ljy/b = 't*^y/b ^ ^x/b- ^ 

The m-th wedge product, applied to the sequence (|3^) induces an exact sequence 

{E'j ^ fooBis) ® ^]^(log A) ^ ^ 0. 

p.2| implies, that the (n — m)-th cohomology of the sheaf in the middle of the 
sequence 

S;, ® T*Ljyj^ ^?*^r"((^ - m + 5) ■ 5) ® OxiT) 

is zero, hence 

i7"-'"(X, fi^/B ® r*cUy/^3 ® ^7*^r'"((^ -m + 5)-S)® OxiT)) 
injects into 

fjn-m+l^X^ ^rn-l ^ ^ _ ^ I S) ■ S) ® O xiV)) . 

Altogether 

= ff°(X, ® r*ujy]j^ ® g*OB{S ■ S) ® Ox{r)) 

is a subspace of 

^„ = r*c^^/i^ ® (?*c^b((^ + 5) ■ 5) ® OxiT)). 

Using again, one finds if" and thereby to be zero. Since F is effective, 
this contradicts |^. Hence the inequality stated in ( ^.3] ) does not hold true, and 
we obtain |lJ b) and c). 
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4. Moduli schemes and boundedness 

Let Aih denote the moduh functor of minimal surfaces of general type, if 
deg h = 2, and of canonically polarized manifolds, if deg h > 2, both times with 
fixed Hilbert polynomial h G Q[t]. The corresponding moduli scheme is denoted 
by M^. 

If deg h = 2, i.e. in the surface case, KoUar and Shepherd-Barron defined 
stable surfaces, Alexeev |]T]| proved that the index of the singularities is bounded 
in terms of the coefficients of the Hilbert polynomial, which implies by p that 
Mh has a compactification M^, parameterizing families of stable surfaces (see also 



16| , section 9.6). 

For deg h > 2, those results were generalized by Karu P], assuming the minimal 
model conjecture for semi-stable families of ra-folds over curves {MMP{n + 1)). 
Let again Mh be the compactification and Mh the corresponding moduli functor. 
The existence of Mh implies that for some Nq, depending on h, the refiexive hull 
ui^x°^ of u!x° is invertible for all x G M.h{k)- 

In both cases, for some 77 ^ the sheaf uJ^x is very ample (deg h > 2) or semi- 
ample and the induced morphism the contradiction of (—2) curves (deg h = 2). 
Kollar (see also |T^) has shown, that for 77 ^ and for some p > there 



exists a very ample invertible sheaf A on Mh with: 

For f : X —>■ Z E M.h{Z) and for the induced morphism : Z ^ Mh, 

cp*X = det(/,4^]^)P. 



Corollary 4.1. Assume deg h = n = 2. Let B he a projective non-singular 
curve, S d B a finite subset, and let qq : Yq ^ B — S he a smooth projective 
morphism, whose fibers are surfaces of general type with Hilbert polynomial h. 
Let ^ : B ^ Mh be the induced morphism. Then deg $*A is bounded above by a 
constant, depending on h,g{B) and #5*. 



Addendum 4.2. Assuming MMP{deg h + 1), remains true for deg h > 2 
and for g^ : Yq ^ B — S a family of canonically polarized manifolds with Hilbert 
polynomial h. 

Proof. Choose a non-singular projective compactification Y of Yq such that go 
extends to g : Y ^ B. The assumptions p..l| hold true for u = rj. By p..4| the 
degree of deti^g^Uy/^) is smaller than a constant depending on h,g{B) and #5*. 

There exists a finite covering 'y : C ^ B and f : X C E M.h{C) which induces 

C^B-^Mh. 

We may assume, in addition, that / has a semi-stable model f':X'—>- C, with X' 
non-singular. By the definition of stable surfaces in ^ (or of stable canonically 
polarized varieties in [^), 

f , ,N _ f, ,v 
j*^x/c ~ J*^x'/c- 
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n[, 3.2, gives an injective map 
which is an isomorphism over 7^^ (5 — S). Hence 



deg $*A = ^^^^y^^ < deg(,...^/^)- 
is bounded, as well. □ 



Let us denote by H = Hom((i?, B — S), {Mh, Mh)) the scheme parameterizing 
morphism $ : 5 — > Mh with ^{B — S) C Mh- Since A is ample, [4.1| and |4.2| imply: 

Corollary 4.3. Under the assumptions made in \4-l\ (or there exists a sub- 
scheme T C H, of finite type over k, which contains all points [$] G H, induced 
by smooth morphisms 

go-.Yo^B-S eMh{B-S). 



Without assuming the minimal model conjecture MMP(deg h+l) |4.2| and ^ 



remain true, if S" = 0. In fact, the existence of the very ample sheaf A on Mh 



has been shown in |16]. For the corresponding embedding Mh — > choose Mh 



to be the closure of Mh in P™. Then for complete curves B and for morphisms 



B Mh with image in Mh, the arguments used to prove [4.2| remain valid. 

In |16|, section 8.5, one finds the definition of a moduli functor of canon- 
ically polarized normal varieties with canonical singularities of index Nq. Kawa- 
mata [0 has shown that this moduli functor is locally closed. Unfortunately it is 
not known to be bounded, i.e. whether Matsusaka's big theorem holds true. 



As in [jl6|, 1.20, one can enforce boundedness by considering the submoduli 



[No]{M) 

p[^o](M)(^^ = {X G very ample}. 

Then there exists a moduli scheme for x>\^°^^'^\ For v = Nq ■ M and 

some p > there exists again a very ample invertible sheaf A on which 
induces 

det(/,c.^}^r for f:X^ZeV[''^^^''\Z). 

Choosing Mh again as the closure of d\^"^ ^^^^ for an embedding (p : -Djf^"' ^^^^ —>■ P™ 
with 0*(9pm(l) = A, one obtains: 

Corollary 4.4. For deg h > 2, there exists a subscheme T C H, of finite type 
over k, which contains all points [$] G H, induced by morphisms 

g:Y ^BeV^^'^^^''\B), 

smooth over B — S. 



functor Vl''^''''' with 
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